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Goal of this talk

I am looking for an object/map/structure that satis�es certain properties.

The search space is too large to do an exhaustive search.

I have some intuition that doesn't work perfectly but is a good starting point for a search.

How can I use machine learning to push this intuition to something concrete?
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A typical machine learning work�ow

candidate x evaluate

Search space
+ representation

Objective
score(x)

learning / search algorithm

local search reinforcement learning

evolutionary search learned generative models

Veri�cation
�is it actually correct?�

good score
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Finding examples and counterexamples

Constructions in combinatorics via neural networks

Adam Zsolt Wagner∗

Abstract

We demonstrate how by using a reinforcement learning algorithm, the deep cross-entropy method,

one can find explicit constructions and counterexamples to several open conjectures in extremal

combinatorics and graph theory. Amongst the conjectures we refute are a question of Brualdi and

Cao about maximizing permanents of pattern avoiding matrices, and several problems related to the

adjacency and distance eigenvalues of graphs.

1 Introduction

Computer-assisted proofs have a long history in mathematics, including breakthrough results such as

the proof of the four color theorem in 1976 by Appel and Haken [7], and the proof of the Kepler

conjecture in 1998 by Hales [29]. Recently, significant progress has been made in the area of machine

learning algorithms, and they have have quickly become some of the most exciting tools in a scientist’s

toolbox. In particular, recent advances in the field of reinforcement learning have led computers to

reach superhuman level play in Atari games [39] and Go [41], purely through self-play.

With these recent advances in mind, it is natural to wonder if there is any way reinforcement learning

algorithms could be used to find explicit counterexamples to conjectures in combinatorics and graph

theory, if we do not give the algorithm any prior knowledge about the problems. Our aim is to

demonstrate that this approach could potentially be fruitful: while we did not succeed in refuting any

of the most famous conjectures in the field, we will present counterexamples and constructions to a

wide variety of lesser known open problems.

In all applications, the agent starts the learning process with zero prior knowledge about the problem

itself. It generates a construction and receives a feedback from a scoring function on how well it did.

Repeating this process many times, the agent eventually learns how to get a better score in this ‘game’.

If this score is larger than the score of the conjectured best construction, then we have succeeded in

finding a counterexample to the conjecture. An advantage of using reinforcement learning algorithms

in this manner is that we can use what is essentially the same exact program to try and attack all

mathematical conjectures which might have a finite counterexample – the only thing we need to change

in the code is the function that calculates the score of a given construction.

There are several natural candidate reinforcement learning algorithms for this task. In this work we

are primarily focused on conjectures in graph theory, and as an n-vertex graph can be represented

by n(n−1)
2 binary decisions, one for each edge, we will focus on algorithms that are well-suited for

∗School of Mathematical Sciences, Tel Aviv University, Tel Aviv, Israel. Email: adamwagner@mail.tau.ac.il
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TREES AND GRAPHS WITH NON LOG-CONCAVE DOMINATING SET

SEQUENCE VIA AI TOOLS

ALINA DU, STEVEN HEILMAN, GRETA PANOVA

Abstract. We give new examples of graphs and trees with dominating set sequences that are not
log-concave. These examples were generated by PatternBoost, a transformer-based reinforcement
learning software developed by Charton-Ellenberg-Wagner-Williamson. We also show: for any
positive integer m, there exists a tree whose dominating set sequence is not log-concave for at least
m indices by modifying a similar construction of Bautista-Ramos for the independent set sequence.
We show that a large class of caterpillar graphs has log-concave dominating set sequences. A
continuous analogue of the sequence is also log-concave for all graphs.

1. Introduction

Let G be a finite undirected graph on n vertices. A dominating set in a graph is a set of vertices
which, together with their neighbors, is equal to all vertices in the graph. In other words, every
vertex of the graph is either in the set or is a neighbor of a vertex from that set. For any 0 ≤ j ≤ n,
let dj(G) be the number of dominating sets in G with cardinality j.

The following was conjectured in [AP14].

Conjecture 1.1. For any finite graph G, the dominating set sequence d0(G), . . . , dn(G) is uni-
modal. That is, there exists some 0 ≤ m ≤ n such that

d0(G) ≤ d1(G) ≤ · · · ≤ dm(G) ≥ dm+1(G) ≥ · · · ≥ dn(G).

This conjecture remains widely open even for trees. Since such a basic question remains unan-
swered, one might reasonably question whether Conjecture 1.1 is true or not.

There are not many available techniques to prove unimodality, especially in general settings
without algebraic structure. A stronger property, which implies unimodality, is log-concavity,
which enjoys some better developed technology including properties like real-rootedness of the
corresponding polynomial, Lorentzian properties, injective maps, etc.

The dominating set sequence is log-concave if

dk(G)2 ≥ dk+1(G)dk−1(G), ∀ 1 ≤ k ≤ n− 1.

In the attempt to disprove Conjecture 1.1, one may try to first disprove the stronger log-concavity
property, find non log-concave families of graphs with patterns and try to amplify the structures.
Alternatively, for certain families of graphs, one may try to prove log-concavity as a stronger but
more technologically feasible property that implies unimodality.

In this paper we produce new families of trees and examples of more general graphs with
non log-concave dominating set sequence. We produce these counterexamples using PatternBoost
[CEWW24], which is a transformer-based reinforcement learning technology.

Date: May 5, 2026.
Email: alinadu@usc.edu, stevenmheilman@gmail.com, gpanova@usc.edu
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Advancing Geometry with AI:

Multi-agent Generation of Polytopes

Grzegorz Świrszcz Adam Zsolt Wagner∗ Geordie Williamson∗

Sam Blackwell† Bogdan Georgiev† Alex Davies‡ Ali Eslami‡

Sébastien Racanière‡ Theophane Weber‡ Pushmeet Kohli

February 11, 2025

Abstract

Polytopes are one of the most primitive concepts underlying geometry. They are defined as
intersections of a finite number of half-spaces, i.e. the subsets of Euclidean spaces which can
be defined by a finite set of linear inequalities. Discovery and study of polytopes with complex
structures provides a means of advancing scientific knowledge. Construction of polytopes with
specific extremal structure is very difficult and time-consuming. Having an automated tool for
the generation of such extremal examples is therefore of great value. We present an Artificial
Intelligence system capable of generating novel polytopes with very high complexity, whose
abilities we demonstrate in three different and challenging scenarios: the Hirsch Conjecture,
the k-neighbourly problem and the longest monotone paths problem. For each of these three
problems the system was able to generate novel examples, which match or surpass the best
previously known bounds. Our main focus was the Hirsch Conjecture, which had remained an
open problem for over 50 years. The highly parallel A.I. system presented in this paper was able
to generate millions of examples, with many of them surpassing best known previous results and
possessing properties not present in the earlier human-constructed examples. For comparison, it
took leading human experts over 50 years to handcraft the first example of a polytope exceeding
the bound conjectured by Hirsch, and in the decade since humans were able to construct only
a scarce few families of such counterexample polytopes. With the adoption of computer-aided
methods, the creation of new examples of mathematical objects stops being a domain reserved
only for human expertise. Advances in A.I. provide mathematicians with yet another powerful
tool in advancing mathematical knowledge. The results presented demonstrate that A.I. is
capable of addressing problems in geometry recognized as extremely hard, and also to produce
extremal examples different in nature from the ones constructed by humans.

1 Introduction

The discovery of interesting examples is a critical component of mathematical progress. The icosa-
hedron, whose discovery is often attributed to the ancient Greeks, is an early example of exceptional

∗Equal contributors. Authors listed alphabetically by last name.
†Equal contributors. Authors listed alphabetically by last name.
‡Equal contributors. Authors listed alphabetically by last name.
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EXAMPLES OF IDP LATTICE POLYTOPES WITH

NON-LOG-CONCAVE h∗-VECTOR

JOHANNES HOFSCHEIER, VADYM KURYLENKO, AND BENJAMIN NILL

Abstract. Lattice polytopes are called IDP polytopes if they have the integer decom-
position property, i.e., any lattice point in a kth dilation is a sum of k lattice points in the
polytope. It is a long-standing conjecture whether the numerator of the Ehrhart series
of an IDP polytope, called the h∗-polynomial, has a unimodal coefficient vector. In this
preliminary report on research in progress we present examples showing that h∗-vectors
of IDP polytopes do not have to be log-concave. This answers a question of Luis Ferroni
and Akihiro Higashitani.

As this is an ongoing project, this paper will be updated with more details and examples
in the near future.

1. Counterexamples to the log-concavity question

In this note we report on examples found in an ongoing project to search for counter-
examples to questions and conjectures in Ehrhart theory employing methods and heuristics
from machine learning.

Let us recall the main definitions. We refer to [1] for references. A lattice polytope P ⊂ Rn is
the convex hull of finitely many lattice points, i.e., elements of Zn. The Ehrhart polynomial
of P is the unique polynomial EP (t) with EP (k) = |kP ∩ Zn| for k ∈ N≥1. The h∗-
polynomial h∗P (t) of P is defined as the numerator of its Ehrhart generating series:

∞∑

k=0

EP (k)t
k =

h∗P (t)
(1− t)d+1

,

where d denotes the dimension of P . For h∗P (t) =
∑d

i=0 h
∗
i t

i, we call (h∗0, . . . , h
∗
d) the

h∗-vector of P .

The following properties of lattice polytopes have been intensively studied over the previous
years. We refer to the excellent survey papers [2] and [3]. An IDP polytope (an abbreviation
for lattice polytopes with the Integer Decomposition Property) is a lattice polytope P such
that for every k ∈ N≥2 each lattice point in kP is a sum of k lattice points in P . We
say, the h∗-vector of P is unimodal if h∗0 ≤ h∗1 ≤ · · · ≤ h∗j ≥ h∗j+1 ≥ · · · ≥ h∗d for some

j ∈ {0, . . . , d}. It is called log-concave if h∗i−1h
∗
i+1 ≤ (h∗i )

2 for every i ∈ {1, . . . , d− 1}.

2020 Mathematics Subject Classification. 52B20, 05A20, 68T05.
Key words and phrases. Ehrhart polynomials, lattice polytopes, log-concavity, integer decomposition

property.
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Unearthing structure from intuition

70 | Nature | Vol 600 | 2 December 2021

Article

Advancing mathematics by guiding human 
intuition with AI

Alex Davies1 ✉, Petar Veličković1, Lars Buesing1, Sam Blackwell1, Daniel Zheng1, 

Nenad Tomašev1, Richard Tanburn1, Peter Battaglia1, Charles Blundell1, András Juhász2, 

Marc Lackenby2, Geordie Williamson3, Demis Hassabis1 & Pushmeet Kohli1 ✉

The practice of mathematics involves discovering patterns and using these to 

formulate and prove conjectures, resulting in theorems. Since the 1960s, 

mathematicians have used computers to assist in the discovery of patterns and 

formulation of conjectures1, most famously in the Birch and Swinnerton-Dyer 

conjecture2, a Millennium Prize Problem3. Here we provide examples of new 

fundamental results in pure mathematics that have been discovered with the 

assistance of machine learning—demonstrating a method by which machine learning 

can aid mathematicians in discovering new conjectures and theorems. We propose a 

process of using machine learning to discover potential patterns and relations 

between mathematical objects, understanding them with attribution techniques and 

using these observations to guide intuition and propose conjectures. We outline this 

machine-learning-guided framework and demonstrate its successful application to 

current research questions in distinct areas of pure mathematics, in each case 

showing how it led to meaningful mathematical contributions on important open 

problems: a new connection between the algebraic and geometric structure of knots, 

and a candidate algorithm predicted by the combinatorial invariance conjecture for 

symmetric groups4. Our work may serve as a model for collaboration between the 

�elds of mathematics and arti�cial intelligence (AI) that can achieve surprising results 

by leveraging the respective strengths of mathematicians and machine learning.

One of the central drivers of mathematical progress is the discovery 

of patterns and formulation of useful conjectures: statements that 

are suspected to be true but have not been proven to hold in all cases. 

Mathematicians have always used data to help in this process—from 

the early hand-calculated prime tables used by Gauss and others that 

led to the prime number theorem5, to modern computer-generated 

data1,5 in cases such as the Birch and Swinnerton-Dyer conjecture2. 

The introduction of computers to generate data and test conjectures 

afforded mathematicians a new understanding of problems that were 

previously inaccessible6, but while computational techniques have 

become consistently useful in other parts of the mathematical pro-

cess7,8, artificial intelligence (AI) systems have not yet established a 

similar place. Prior systems for generating conjectures have either 

contributed genuinely useful research conjectures9 via methods that 

do not easily generalize to other mathematical areas10, or have dem-

onstrated novel, general methods for finding conjectures11 that have 

not yet yielded mathematically valuable results.

AI, in particular the field of machine learning12–14, offers a collec-

tion of techniques that can effectively detect patterns in data and has 

increasingly demonstrated utility in scientific disciplines15. In math-

ematics, it has been shown that AI can be used as a valuable tool by 

finding counterexamples to existing conjectures16, accelerating calcu-

lations17, generating symbolic solutions18 and detecting the existence 

of structure in mathematical objects19. In this work, we demonstrate 

that AI can also be used to assist in the discovery of theorems and con-

jectures at the forefront of mathematical research. This extends work 

using supervised learning to find patterns20–24 by focusing on enabling 

mathematicians to understand the learned functions and derive useful 

mathematical insight. We propose a framework for augmenting the 

standard mathematician’s toolkit with powerful pattern recognition 

and interpretation methods from machine learning and demonstrate 

its value and generality by showing how it led us to two fundamental 

new discoveries, one in topology and another in representation theory. 

Our contribution shows how mature machine learning methodologies 

can be adapted and integrated into existing mathematical workflows 

to achieve novel results.

Guiding mathematical intuition with AI

A mathematician’s intuition plays an enormously important role in 

mathematical discovery—“It is only with a combination of both rigor-

ous formalism and good intuition that one can tackle complex math-

ematical problems”25. The following framework, illustrated in Fig. 1, 

describes a general method by which mathematicians can use tools 

from machine learning to guide their intuitions concerning complex 

mathematical objects, verifying their hypotheses about the existence 

of relationships and helping them understand those relationships. We 

propose that this is a natural and empirically productive way that these 

https://doi.org/10.1038/s41586-021-04086-x
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TOWARDS COMBINATORIAL INVARIANCE FOR KAZHDAN-LUSZTIG

POLYNOMIALS

CHARLES BLUNDELL, LARS BUESING, ALEX DAVIES, PETAR VELIČKOVIĆ,
AND GEORDIE WILLIAMSON

Abstract. Kazhdan-Lusztig polynomials are important and mysterious ob-
jects in representation theory. Here we present a new formula for their com-
putation for symmetric groups based on the Bruhat graph. Our approach
suggests a solution to the combinatorial invariance conjecture for symmetric
groups, a well-known conjecture formulated by Lusztig and Dyer in the 1980s.

1. Introduction

Kazhdan-Lusztig polynomials are important polynomials associated to pairs of
elements x, y in Coxeter groups. They appear throughout representation theory
and related fields. Lusztig (ca. 1983) and Dyer (1987) independently conjectured
that Kazhdan-Lusztig polynomials depend only on the poset of elements between
x and y in Bruhat order. This is a fascinating conjecture. For example, it suggests
that Kazhdan-Lusztig polynomials are providing subtle invariants of Bruhat order.
This conjecture is known in several special cases ([Dye87, Bre04, Inc06, BCM06,
Pat21, BLP21], see [Bre04] for an overview).

In this work we prove a new formula Kazhdan-Lusztig polynomials for sym-
metric groups. Our formula was discovered whilst trying to understand certain ma-
chine learning models trained to predict Kazhdan-Lusztig polynomials from Bruhat
graphs (see [DVB`]). The new formula suggests an approach to the combinatorial
invariance conjecture for symmetric groups.

Traditionally, Kazhdan-Lusztig polynomials are computed inductively based on
the length. This means that in order to compute Px,y one might need to know Pu,v

where u, v lies anywhere in rid, xs. Our new formula allows inductive calculation
using only polynomials Pu,v where u, v belong to the Bruhat interval rx, ys—thus
it “stays in the Bruhat interval”. Roughly speaking, we compute Kazhdan-Lusztig
polynomials via induction over the rank of the symmetric group, rather than the
length of a permutation.

As our new formula uses only information present in the Bruhat interval rx, ys
and thus might be useful for approaching the combinatorial invariance conjecture.
However, the formula requires the knowledge of the intersection of rx, ys with a
coset Sn´1x, which is not combinatorially invariant information. It is not difficult
to see that the intersection

rx, ys X Sn´1x

forms a sub-interval rx, cs Ă rx, ys. We observe that the embedding rx, cs Ă rx, ys
has remarkable properties: the edges connecting any node u P rx, cs to a node
v R rx, cs possess a lattice-like quality which we call a hypercube cluster.
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Unearthing structure from intuition

Conjecture
We can compute the Kazhdan�Lusztig polynomial of (π1, π2) by looking at the
unlabelled Bruhat interval [π1, π2].

KL(021435, 240513) = 1 + 2q + q2

Theorem
We can compute the Kazhdan�Lusztig polynomial of (π1, π2) by looking at the
edge-labelled Bruhat interval [π1, π2].
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Re�ning intuition into something concrete

q, t combinatorics: Narayana numbers ⇝ q, t-Narayana numbers

Narayana numbers count parallelogram
polyominoes Polyom,n. Bigrade with two statistics
area and bounce:

Nn,k(q, t) =
∑

P∈Polyon−k+1,k

tarea(P ) qbounce(P ).

There is an algebraic proof of symmetry:

Nn,k(q, t) = Nn,k(t, q),

but no combinatorial proof.

n− k + 1

k

A 5× 4 parallelogram polyomino

P ∈ Polyo5,4.
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Re�ning intuition into something concrete

Mapping Uncharted Symmetries:
Machine Discovery in Combinatorics

Eugenio Cainelli∗
University of Bologna

eugenio.cainelli2@unibo.it

Lorenzo Luccioli
University of Bologna

lorenzo.luccioli2@unibo.it

Alessandro Iraci
Pegaso University

alessandro.iraci@unipegaso.it

Michele D’Adderio
University of Pisa

michele.dadderio@unipi.it

Giovanni Paolini∗
University of Bologna

g.paolini@unibo.it

Abstract

Inspired by long-standing open problems in algebraic combinatorics, we show that
modern machine learning can meaningfully contribute to verifiable mathematical
discoveries. In particular, we focus on the construction of simple mathematical
functions under exact distributional constraints, a setting we formalize as Simple
Learning Under Rigid Proportions (SLURP). We tackle this problem by introducing
two methods: MapSeek-Functional, which models the desired function alternating
pseudo-labeling and supervised training steps; and MapSeek-Symbolic, designed
to directly produce symbolic formulas. We successfully apply both methods to
a research problem in algebraic combinatorics, discovering a new combinatorial
interpretation of the q, t-Narayana polynomials arising from representation the-
ory. To our knowledge, this is the first such interpretation based on noncrossing
partitions. Using one discovered statistic, we find a combinatorial proof of the
symmetry of these polynomials in a previously unsolved case. To streamline verifi-
cation and reproducibility, we release all code, including a formalization of all the
mathematical discoveries of this paper in Lean 4.

1 Introduction

Many important problems in mathematics can be framed as function discovery: given two sets X and
Y , find a function f : X → Y that satisfies rigid constraints, yet admits a simple description. Modern
machine learning is exceptionally good at fitting finite datasets, and its inductive biases often favor
low-complexity solutions. In this paper we push these strengths to the limit: we work in settings
where success requires exact constraint satisfaction rather than high accuracy, and where the desired
output is not a black-box predictor but a symbolic or algorithmic description, revealing interesting
structure and suitable for mathematical verification.

Our driving goal comes from open problems in the field of algebraic combinatorics, asking for
functions on combinatorial objects that witness deep algebraic symmetries. Inspired by such problems,
we introduce a learning framework called Simple Learning Under Rigid Proportions (SLURP), where
the task is to discover simple functions that match specified output distributions exactly (Figure 1).
In this setting, the constraints deliberately underspecify the function f , so that it is easy to produce
example functions, but the challenge is to find simple and mathematically meaningful ones.

We introduce two machine learning methods for SLURP: MapSeek-Functional and MapSeek-
Symbolic. To demonstrate their effectiveness and the soundness of the SLURP setup, we describe a

∗Equal contribution.

Preprint.
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The authors prove Nn,3(q, t) = Nn,3(t, q)
combinatorially.

Strategy. Use a known statistic skip in place of
area, so that, summing over P ∈ Polyom,n,

∑

P

tarea(P )qbounce(P ) =
∑

P

tskip(P )qstat(P ),

where stat is a mystery statistic.

Start with a guess for stat that works only for n ≤ 4,
then use machine learning to �nd a similar statistic
that works for all n.
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Find more papers in your �eld that use ML

https://seewoo5.github.io/awesome-ai-for-math/
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How to use these tools

You do not need to become a machine learning expert

Use LLMs! Chat about your problem, see what techniques you can use, ask for code snippets

or ask them to make a skeleton folder for your experiment

The timeline for doing these sorts of experiments has gone down from months to days or
even hours!

Find a well-de�ned mathematical question and phrase it in a way that gives you a quantity
to optimise

Thank you!
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